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Optimal Consumption and Portfolio Selection in




Starting from Merton's (1969, 1971) seminal work, the literature on
continuous time optimal consumption and portfolio selection has grown
vastly. In his rst works Merton pioneered a way to solve the problem
of maximizing an agent's lifetime utility of consumption when there are
risky assets available as investment opportunities, and time is continu-
ous. Merton's problem is essentially an unconstrained problem. However,
because Merton's normative suggestions implies behavior that is incon-
sistent with empirical ndings, and because of unrealistic assumptions, a
signicant amount of research has been done in the area of portfolio selec-
tion in the presence of various constraints, such as to better reect reality
within the model and to provide more relevant normative and positive
insights. In this thesis we examine the continuous time optimal consump-
tion and portfolio selection problem when an agent may face constraints
either endogenous or exogenous, constraining either an agent's consump-
tion, wealth, or her utility.
In the rst chapter we examine an agent's optimal consumption and
portfolio strategies when she is not willing to let her consumption fall
below a previously obtained level of consumption. We show the following
result of Philip H. Dybvig (1995) is valid for any general von Neumann-
Morgenstern utility function, which he originally derived for a homothetic
utility function: for an agent who does not tolerate a decline in consump-
tion, the optimal investment in the risky asset does not depend on the risk
aversion coecient of her felicity function when she keeps her consumption
equal to the past consumption level. A general implication of the result
is that if an economic agent has a non-time separable intertemporal pref-
erence then her risk-taking over a short time period can be independent














In the second chapter I examine the optimal portfolio strategies for an
agent who wishes to constrain her wealth within a pre-specied boundary
around her starting wealth. Compared with portfolio insurance strategies
that guarantee a oor level of wealth but allows for unlimited upside,
lock-in strategies are found to yield higher terminal wealth at the end
of the trading horizon for moderate states, whereas portfolio insurance
strategies dominate for very good states. Before maturity, for states where
the wealth is far from the boundaries, the optimal portfolio strategy is to
invest a constant proportion of the investor's wealth into risky assets.
However as the wealth approaches any of the boundaries before maturity
risk taking increases.
In the third chapter I examine the optimal consumption and portfolio
strategies of an agent whose marginal utility at her lowest possible bound-
ary is limited to be less than innity. For such an agent when the agent's
wealth is such that it may only support a subsistence level of consump-
tion, an impatient agent aggressively invests in risky assets, regardless of
her risk preferences. As the market premium of risk declines she invests
a larger proportion of her wealth into risky assets, and as the risk pre-
mium approaches zero her risk taking increases to innity. She acts in
this counter intuitive manner in order to maintain a constant growth rate
of wealth determined by her level of impatience.
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Generalizaion of Dybvig's Result
1 A Generalization of Dybvig's Result on Port-
folio Selection with Intolerance for Decline in
Consumption1
Abstract
In this note we show the following result of Philip H. Dybvig (1995)
is valid for a general von Neumann-Morgenstern utility function, which
he originally derived for a homothetic utility function: for an agent who
does not tolerate a decline in consumption, the optimal investment in the
risky asset does not depend on the risk aversion coecient of her felicity
function when she keeps her consumption equal to the past consumption
level. A general implication of the result is that if an economic agent has
a non-time separable intertemporal preference then her risk-taking over a
short time period can be independent of her felicity function.
JEL Classication Codes: C61, D91, G11
Keywords: Consumption Ratcheting, Intolerance for Decline in Consump-
tion, Martingale Approach, Portfolio Selection, von Neumann-Morgenstern Util-
ity Function
1.1 Introduction
In this note we generalize the earlier result of Dybvig on the portfolio se-
lection of an economic agent with the constraint that her consumption never
declines over time (Dybvig, 1995). We show that the following result of Dybvig
is valid for a general von Neumann-Morgenstern utility function:
Under the constant investment opportunity assumption the optimal invest-
ment in risky assets is a constant fraction irrespective of her risk aversion when
the agent keeps her consumption at its previous level.
Dybvig derived the result under the assumption of a homothetic utility func-
tion; we show that the homotheticity assumption is not necessary. Optimal
consumption and investment behavior in Dybvig's model exhibits ratcheting of
consumption which was rst proposed by Dusenberry (1949) and later extended














1.2 Model Generalizaion of Dybvig's Result
by Brown (1952). It can be either regarded as an extreme form of habit for-
mation or a result of consumption commitment (Dybvig, 1995). As in Dybvig
(1995), we show that under such a situation the agent's investment behavior
is as if she had constant relative risk aversion with the coecient of relative
risk aversion less than 1 irrespective of the endowed felicity function. A general
implication of the result is that if an economic agent has a non-time separable
intertemporal preference then her risk-taking over a short time period can be
independent of her felicity function.2 Over a longer time period, however, as
Dybvig explained, the optimal level of risk taking depends upon the agent's
choice of consumption and thus depends upon the felicity function.
Recently, Riedel (2009) has extended Dybvig's model to the case with a
general utility function and a Levy stock price process. Dybvig and Rodgers
(2013) have studied a model where an agent chooses a non-declining process for
the aspiration level from which she derives utility but suers a utility loss if her
consumption falls short of it. The limiting case with an innite utility loss is
Dybvig's original model. They have proposed a solution for a general utility
function.3 However, Riedel (2009) and Dybvig and Rodgers (2013) have not
derived the specic result about portfolio selection.
1.2 Model
In this section we explain the model of Dybvig (1995). Except for the utility
specication, our model is the same as his model. We consider an economic




e−ρtu(ct)dt, s.t. ct ≥ ct−. (1)
where ρ > 0 is her subjective discount rate and u is a concave and strictly
increasing function dened on [0,∞). The consumer consumes at a rate ct at
time t. Here ct− is the previous rate of consumption, i.e., ct− = lims→t− cs,
There are two assets in the nancial market, one risky asset and one risk-free
asset. The price of the risky asset, St follows the following geometric Brownian
motion:
dSt = µStdt+ σStdWt, S0 = s (2)
where µ is the expected return on the risky asset, σ is the standard deviation of
the return, and Wt is a standard Wiener process dened on a probability space,
(Ω,F , P ), and F is the ltration generated by W (t) and augmented by the null
sets of P .
2Dybvig (1995) discusses the appropriateness of the term `felicity function' for a preference
without time separability.














1.3 Main Result Generalizaion of Dybvig's Result
The rate of return on the riskless asset is denoted by r. We assume that
the investment opportunity is constant and the risky asset has a positive risk
premium, i.e. µ, σ, and r are constant and µ > r. The model can be easily
extended to include multiple risky assets. Under the assumption of a constant
investment opportunity set, the two-fund theorem is valid and essentially we
return to the two asset case.
Let πt denote the agent's dollar investment in the risky asset. Then, her
wealth process, Xt, evolve as follows
dXt =
(
rXt + (µ− r)πt − ct
)
dt+ σπtdWt, X0 = x, Xt ≥ 0, a.s. ∀t ≥ 0. (3)
Dybvig (1995) solved the optimization problem given by Equation (1), (2)
and (3) by assuming that the felicity function is homothetic.
Theorem 1. Suppose that u(c) = c
1−γ
1−γ . Suppose further that the problem is
feasible and optimal policies exist. Then, the optimal investment in the risky
asset, π∗t , at time t takes the following form when her optimal consumption










where γ∗ is a constant less than 1 and does not depend upon γ.
The conditions for the existence of optimal policies can be found in Dybvig
(1995) and Riedel (2009). In the next section we generalize his result without
assuming homothetic utility.
1.3 Main Result
We now state our main result.
Theorem 2. Suppose that u(c) is an arbitrary continuously dierentiable, con-
cave, and strictly increasing function. Assume that the value function is nite
for the unconstrained problem (i.e., the problem without the constraint that
consumption can never decline) and assume that x ≥ c0−/r. Then, the optimal
investment in the risky asset, π∗t , takes the following form when her optimal
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Note that ν− < 0 and thus γ
∗ is a constant less than 1 and does not depend
upon the form of the felicity function. We know from the following proof that
the agent increases her consumption only at time points belonging to a set of
measure 0 (the measure is the product measure of the probability measure and
the Lebesgue measure). Thus the portfolio policy is optimal almost always. For
the conditions that guarantee the value function of the unconstrained problem
is nite, see Karatzas et al. (1986).
Proof. [Proof of Theorem 2]
We prove the theorem in two steps.
Step 1: In this step we derive optimal consumption and portfolio policy by
using duality. The proof is similar to Riedel (2009) and Dybvig and Rodgers
(2013). By the martingale method we can transform wealth evolution equation




















































1.3 Main Result Generalizaion of Dybvig's Result
tiplier for the constraint that ct ≥ ct−, and
yt := e
ρtH(t). (9)
We rst consider the following problem where we optimize the above problem













given ct−. Here Et denotes the conditional expectation taken at time t. Because
of the constant investment opportunity assumption, J = J(yt, ct−), i.e., it can
be written as a function of y(t) and ct−.
Maximizing the integrand in each state at each time, we have












s.t. c > c−. (12)
The necessary and sucient condition for problem (12) implies that the















− y · (u′)−1(y), if y ≥ u′(c−),
u(c−)− yc−, otherwise .
(14)
Note that the agent increases her consumption only when yt ≥ u
′
(ct−).
Thus the set of time points at which she changes her consumption is the set
{τ : yτ ≥ u
′
(cτ−)}. It can be easily seen that the set has a measure 0 .
Denoting the value function as V (Xt, t), by the minimax theory (see e.g.,
Rockafellar (1970)) we have





J(yt, ct−) + ytXt
)
. (15)


















1.3 Main Result Generalizaion of Dybvig's Result
















= (δ − r)dt− θdWt,
comparing the right-hand side of equation (17) with wealth evolution equation







Step 2: We derive the concrete form of the optimal portfolio policy in this
step.
In step 1 we have observed that the optimal consumption and portfolio
policies and the value function can be obtained from the dual value function J .
We see that J can be obtained by computing the expectation in the right-hand
side of equation (11). A method to calculate the expectation is to invoke the
Feynmann-Kac Theorem (see e.g. Karatzas and Shreve (1991)), by which we











− ρJ(yt, ct−) + ū(yt) = 0.
In particular, when yt ≥ u
′
(ct−), i.e., c∗t = ct−,
∂J(yt,ct−)
∂ct−
= 0, the partial





(yt, ct−) + (ρ− r)J
′
(yt, ct−)− ρJ(yt, ct−) + u(ct−)− ytct− = 0, (19)
where J
′
denotes the derivative of J with respect to yt. A general solution to












where ν+ and ν− are positive and negative solutions to the quadratic equation
1
2
θ2ν2 + (ρ− r − 1
2
θ2)ν − ρ = 0.
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with ν− in (6).








Thus, when c∗t = ct−, equations (18), (21), and (22) imply that the optimal










with γ∗ in (5). (It is easy to show that γ∗ < 1, since ν− < 0.) Substituting (22)
into (23), we get equation (4), which proves the theorem.
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2 Optimal Locking-in Strategies
Abstract
In this paper we examine optimal strategies that guarantee that an
agent's wealth is locked in within a pre-specied boundary around her
starting wealth. Traders are modeled as expected utility maximizers deriv-
ing utility from terminal wealth, whose terminal wealths are constrained
to be within boundaries specied ex ante. Compared with portfolio in-
surance strategies that guarantee that a portfolio does not fall below a
oor level of wealth but allows for unlimited upside, lock-in strategies are
found to yield higher terminal wealth at the end of the trading horizon for
moderate states, whereas portfolio insurance strategies dominate for very
good states relative to the initial state. Before maturity, for states where
the wealth is far from the boundaries, the optimal portfolio strategy is
to invest a constant proportion of the investor's wealth into risky assets.
However as the wealth approaches any of the boundaries before maturity
risk taking increases. At maturity the proportion of wealth invested in
risky assets approaches a constant proportion determined by the param-
eters of the economy and the agent's risk preferences.
Keywords: Portfolio Insurance, Locking In Strategies, Portfolio Selec-
tion
2.1 Introduction
This paper aims to examine an optimal strategy to lock-in prots in a pre-
specied range around the current value of the portfolio. Such lock-in strategies
are used in practice, often after a trader has made a large gain, to guarantee
that her portfolio will not suer unwanted losses, and thus be locked-in within
a desired range. The easiest way in practice to use a lock-in strategy is to utilize
stop-loss orders. These are orders to sell a proportion of a long position in a
stock if the stock hits a pre-specied price. If a trader has already made a gain,
by setting a threshold price somewhat lower than the current price, but higher
than the price at what she bought the stock, she can guarantee a prot of at
least the threshold price minus the original price. The trader may also set a
stop-loss order at a price higher than the current one if the trader believes that
there may be potential to rise. By setting stop-loss orders above and below
the current price, the trader can almost guarantee her prots to be in a certain
range. Another way to lock-in one's prots within a range is to use options,
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